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We study the parity-mixed superconductivity in locally non-centrosymmetric systems. In multilayer
systems an inhomogeneous Rashba spin-orbit coupling is induced by the local violation of inversion sym-
metry. Our previous study revealed that a pair-density wave (PDW) phase, with a sign-modulated order
parameter, is stabilized in the spin-singlet multilayer superconductors owing to the spin-orbit coupling. In
this letter, we show that the uniform spin-triplet superconductivity emerges through parity mixing in the
PDW phase, taking into account a weak interaction in the spin-triplet channel, which was neglected in our
previous study. The spin-triplet superconducting phase is nonunitary owing to field-induced parity mixing.
The critical magnetic field is markedly increased by the emergence of spin-triplet superconductivity. We
calculate the density of states and analyze the signature specific to this phase.
KEYWORDS: locally non-centrosymmetric superconductors, staggered Rashba spin-orbit coupling, parity
mixing, spin-triplet superconductivity
Spin-orbit coupling arises from relativistic effects and is
responsible for many intriguing features in condensed mat-
ter physics. For example, the spin-Hall effect,1, 2) chiral mag-
netism,3, 4) and topologically insulating and superconducting
phases,5, 6) as well as non-centrosymmetric superconductiv-
ity7) attract continued interest. Recent studies of “locally”
non-centrosymmetric systems (LNCSs) have led to the intro-
duction of a novel class of superconducting states affected by
spin-orbit coupling in a particular manner.8–14) Simple crys-
tal structures displaying local non-centrosymmetricity are re-
alized in various multilayer systems, such as the recently
fabricated artificial superlattices of CeCoIn515) and multi-
layer high-Tc cuprates.16) In multilayer systems, the mir-
ror symmetry is broken for each layer except in center lay-
ers; therefore, a layer-dependent Rashba spin-orbit coupling
emerges.10) When the strength of spin-orbit coupling is com-
parable to (or larger than) that of interlayer coupling, the ef-
fects of broken local inversion symmetry manifest in vari-
ous superconducting properties,10) and even rather exotic su-
perconducting phases appear in the magnetic field.13, 14) For
instance, the pair-density wave (PDW) phase, where the or-
der parameter switches sign between layers, is stabilized in
a magnetic field perpendicular to the conducting planes,13)
while the complex-stripe phase is stable for an in-plane mag-
netic field.14)
In the context of PDW states, it is of interest to analyze the
aspect of parity mixing more deeply, i.e., the feature that spin-
orbit coupling admixes an odd-parity spin-triplet “p-wave”
order parameter to a dominant even-parity spin-singlet s-wave
superconducting phase.13, 14) It is straightforward to see that,
in a bilayer system, the even-parity s-wave PDW phase (al-
ternating sign from layer to layer) is accompanied by a uni-
form odd-parity component. Therefore, formally, we might
consider this PDW phase among the odd-parity spin-triplet
superconducting phase, although the dominant condensation
energy gain occurs through the even-parity part. Thus, we can
say that spin-triplet superconductivity is stabilized by the joint
forces of spin-orbit coupling and a magnetic field. The pur-
pose of this study is to analyze this superconducting state in
locally non-centrosymmetric multilayer systems.
Interestingly, we find that the order parameter of in-
duced spin-triplet superconductivity is nonunitary. Although
nonunitary phases are unstable in purely spin-triplet super-
conductors,17, 18) they are induced by field-induced parity
mixing, which originates from the synergy of spin-orbit cou-
pling and a magnetic field in the LNCS. It is shown that the
induced nonunitary spin-triplet pairing significantly enhances
the critical magnetic field in a characteristic way. Moreover,
we propose an experimental test by searching for a specific
signature of parity-mixed superconducting phases in the local
density of states.
In our study, we adopt a quasi-two-dimensional multilayer
model taking into account layer-dependent Rashba spin-orbit
coupling and the parity mixing of s-wave and p-wave super-
conductivities:
H =
∑
k,s,m
ξ(k)c†
ksm
cksm + t⊥
∑
k,s,〈m,m′〉
c
†
ksm
cksm′
+
∑
k,s,s′,m
αmg(k) · σss′c†ksmcks′m
−µBH
∑
k,s,m
sc
†
ksm
cksm
+
∑
k,k′ ,s,s′,m
Vss′(k,k′)c†ksmc†−ks′mc−k′ s′mck′ sm,
(1)
where c†
ksm
(cksm) is the creation (annihilation) operator for
an electron with momentum k and spin s on layer m. We as-
sume the nearest-neighbor hopping tight binding form ξ(k) =
−2t(cos kx + cos ky) − µ on a square lattice, and a small in-
terlayer hopping t⊥/t = 0.1. We choose the chemical po-
tential µ/t = 2 leading to the electron number density per
site n = 1.60, unless explicitly mentioned otherwise. Later,
we will discuss the electron density dependence of the su-
perconducting phase. It is shown that the results are almost
independent of the density except around half-filling n = 1,
namely, µ = 0. By symmetry, we can choose the g-vector
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for the spin-orbit coupling of the Rashba type,19) g(k) =
(− sin ky, sin kx, 0). The coupling constants αm depend on the
layer and are antisymmetric with respect to the reflection at
the center of the multilayer structure, so that the global inver-
sion symmetry is conserved. For instance, (α1, α2) = (α,−α)
for bilayer systems and (α1, α2, α3) = (α, 0,−α) for trilayer
systems. We assume α/t⊥ = 3 throughout this paper. Since we
consider superconductors in the paramagnetic limiting regime
with a large Maki parameter, such as an artificially grown
superlattice of CeCoIn515) and some multilayered high-Tc
cuprates,16) we take into account the paramagnetic depairing
effect through the Zeeman coupling term and neglect the or-
bital depairing effect. Note, that it is sufficient, for our pur-
pose, to consider one superlattice unit cell along the out-of-
plane direction.
As mentioned above, a key issue of this study is the analysis
of parity mixing in Cooper pairing. To this goal, we assume
attractive interaction in both the s-wave and p-wave chan-
nels, Vss′(k,k′) = −Vsδs,−s′ − 2Vt(sin kx sin k′x + sin ky sin k′y),
where Vs and Vt denote the coupling constant of s-wave and
p-wave attractive interactions, respectively. In the following,
we fix Vs/t = 1.7 and vary the parameter Vt/t. The unit of
energy is chosen as t = 1. We analyze the model on the ba-
sis of the Bogoliubov−de Gennes (BdG) equation, and calcu-
late the layer-dependent order parameters with mixed parity:
∆mss′(k) = −
∑
k′ Vss′(k,k′)〈c−k′s′mck′ sm〉. Using the conven-
tional notation, order parameters are represented as ˆ∆m(k) =
[ψmσˆ0+dm(k) · σˆ]iσˆy, where ψm is the scalar order parameter
in the spin-singlet channel and the so-called d-vector dm de-
notes the vector order parameter in the spin-triplet channel. In
order to obtain phase diagrams against temperature and mag-
netic field, we calculate the free energy of several metastable
states and determine the stable superconducting phase.
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Fig. 1. (Color online) Upper critical fields for several values of p-wave at-
tractive interaction Vt (bilayers). We fix the s-wave attractive interaction
Vs = 1.7 and assume Vt/Vs = 0 (dash-dotted line), 0.25 (dashed line), and
0.5 (solid line). The first-order phase transition line separating the BCS
and PDW phases is depicted for Vt/Vs = 0.5 (dash-two-dotted line). In
the PDW phase, a uniform spin-triplet superconductivity is induced. [See
Fig. 2(a).] For comparison, the upper critical field without taking the field-
induced parity mixing into account is shown by the thin solid line.
First, we study the bilayer system. Figure 1 shows its T -
H phase diagrams. We see that the critical temperature Tc
is slightly enhanced by the p-wave attractive interaction Vt
at zero magnetic field. On the other hand, the upper critical
field Hc2 markedly increases with Vt, although the p-wave at-
tractive interaction Vt is small. Indeed, the largest Vt = 0.85
(Vt/Vs = 0.5) in Fig. 1 yields a very low transition temper-
ature Tc < 6 × 10−4 in the absence of the s-wave attractive
interaction, namely, at Vs = 0. This means that superconduc-
tivity is mainly caused by spin-singlet pairing, but that the
upper critical field is significantly enhanced by parity mixing
through the spin-triplet component. Thus, even weak parity
mixing renders locally non-centrosymmetric superconductors
more robust against paramagnetic depairing effects.
In Fig. 1, we show the first-order transition line in the super-
conducting state for Vt/Vs = 0.5. Since global inversion sym-
metry is conserved in the presence of the staggered Rashba
spin-orbit coupling, the superconducting states are classified
on the basis of the parity. In the low-magnetic-field region
(BCS phase), the order parameter of spin-singlet pairing is
uniform, (ψ1, ψ2) = (ψ, ψ), and a staggered order parameter
in the spin-triplet channel, namely, (d1,d2) = (d,−d), is in-
duced by spin-orbit coupling. The parity of both components
is even. On the other hand, the spin-singlet order parameter
is staggered, (ψ1, ψ2) = (ψ,−ψ), and therefore the parity is
odd in the high-magnetic-field region.13) Adopting the defini-
tion given in Ref. 20, we call this state the pair-density wave
(PDW) state, since the order parameter modulates the length
scales of the crystal lattice constant. Originally, the PDW state
in the spin-triplet channel was studied in a phenomenologi-
cal manner.20) On the other hand, the PDW state in the spin-
singlet channel is stabilized in our model. Interestingly, a uni-
form order parameter of spin-triplet pairing with an odd par-
ity, (d1,d2) = (d,d), is induced by staggered Rashba spin-
orbit coupling in the odd parity PDW phase. We would like
to stress that we are not required to assume a substantial at-
tractive interaction in the spin-triplet channel in order to stabi-
lize the PDW phase. Indeed, the condensation energy mainly
comes from spin-singlet pairing, and the cost of Josephson
coupling energy due to the sign change of the spin-singlet
order parameter is compensated for by the magnetic energy
gained in the PDW state.13) Then, spin-orbit coupling induces
a uniform spin-triplet pairing.
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Fig. 2. (Color online) (a) Magnetic field dependence of the d-vector for
Vt/Vs = 0.5 (bilayers). We show the coefficients am and bm in Eq. (2) at
a low temperature T/Tc=0.0959. The thin and thick lines show am and
bm, respectively. The solid and dashed lines are shown for m = 1 and
2, respectively. (b) Amplitude of irreducible superconducting susceptibil-
ity. We show the magnetic field dependence at the transition temperature
T = Tc(H) for Vt/Vs = 0.5. The solid and dash-dotted lines show the
field-induced components | χ(0)S,H2 | and | χ
(0)
H1,H2
|, respectively. The dashed
line shows |χ(0)S,H1 | yielding parity mixing at zero magnetic field.
We now characterize the d-vector of spin-triplet supercon-
ductivity induced by parity mixing. Our BdG calculation re-
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veals, for the d-vector, a structure of the form
dm(k) = am(− sin ky xˆ + sin kxyˆ)
+ibm(sin kx xˆ + sin kyyˆ). (2)
As in the Rashba-type non-centrosymmetric superconduc-
tor,7, 21–23) the p-wave order parameter dm(k) = am(− sin ky xˆ+
sin kxyˆ) (hereafter, called the helical-1 state) is induced at zero
magnetic field. On the other hand, another component repre-
sented by the coefficient bm (called the helical-2 state) is in-
duced at finite magnetic fields; therefore, the spin-triplet pair-
ing is nonunitary, i.e., dm(k) × d∗m(k) , 0, in the time rever-
sal channel. Note that mixed-parity states are also nonunitary
in the inversion channel. As shown in Fig. 2(a), both com-
ponents are staggered in the BCS phase as a1 = −a2 and
b1 = −b2, while they are uniform in the PDW phase, a1 = a2
and b1 = b2, as mentioned above.
In Fig. 2(a), we see that the nonunitarity represented by
Km ≡ 2ambm/(a2m + b2m) ∝ dm(k) × d∗m(k) is close to the max-
imum value, i.e., Km = 1, in the PDW phase (|am| ≈ |bm|).
This finding may be surprising, because the nonunitary state
is unstable in purely spin-triplet superconductors.17, 18) Al-
though the nonunitary state can be stabilized near the tran-
sition temperature through the spin-polarization effect dis-
cussed for 3He17) and Sr2RuO4,24, 25) the nonunitarity is sup-
pressed at low temperatures so that the condensation energy
is maximized. Furthermore, it has been established that spin-
orbit coupling suppresses the nonunitary state.24) In our case,
an inhomogeneous Rashba spin-orbit coupling gives rise to a
large spin-orbit coupling of spin-triplet Cooper pairs,8) how-
ever, the large nonunitary component appears in the spin-
triplet part as Km ∼ 1, owing to its special origin, which has
not yet been clarified.
We show that a nonunitary spin-triplet pairing is induced
by the “field-induced parity mixing (FIPM) of Cooper pairs”.
Because the helical-2 state belongs to a different irreducible
representation of the local C4v point group from the s-wave
state,18) parity mixing does not occur between these states
at zero magnetic field, although it is allowed between the
helical-1 state and the s-wave state. On the other hand, the
broken time-reversal symmetry due to the magnetic field al-
lows the mixing of the helical-1, helical-2, and s-wave states.
In order to examine the magnetic field dependence of parity
mixing, we calculate the irreducible superconducting suscep-
tibility χ(0)
ml,m′l′ , which is defined as
χ
(0)
ml,m′l′ (q) =
∫ 1/T
0
dτeiωnτ〈Bml(q, τ)B†m′l′ (0)〉0, (3)
with B†
ml(q) = (1/2)
∑
k,ν,s,s′ d lν(k)(iσˆνσˆ2)ss′c†k+qmsc†−kms′ be-
ing the creation operator of Cooper pairs with a center-of-
mass momentum q on layer m. The average 〈〉0 is calcu-
lated for a noninteracting Hamiltonian. The generalized d-
vector including the spin-singlet component is introduced as
d l(k) = [ψl(k), d l1(k), d l2(k), d l3(k)]. For the s + p-wave su-
perconductivity considered here, it has seven components,
d1(k) = (1, 0, 0, 0), d 2,3(k) = (0, sin kx,± sin ky, 0), d 4,5(k) =
(0,± sin ky, sin kx, 0), and d 6,7(k) = (0, 0, 0, sin kx ± i sin ky).
The mixing of the helical-2 and s-wave states is represented
by an off-diagonal component, χ(0)S,H2 ≡ χ
(0)
11,12(0) = −χ(0)21,22(0).
As expected, χ(0)S,H2 (0) vanishes at zero magnetic field, but, at
high fields, its amplitude |χ(0)S,H2 | is comparable to (or larger
than) that of χ(0)S,H1 ≡ χ
(0)
11,15(0) = −χ(0)21,25(0), representing
the mixing of the helical-1 and s-wave states [Fig. 2(b)]. Be-
cause χ
(0)
S,H2 is purely imaginary and χ
(0)
S,H1 is real, the induced
spin-triplet pairing is nonunitary, as expressed in Eq. (2).
In Fig. 2(b), we also show the off-diagonal irreducible sus-
ceptibility χ(0)H1,H2 ≡ χ
(0)
15,12(0) = χ(0)25,22(0) causing the spin-
polarization effect. Although its amplitude |χ(0)H1,H2 | is com-
parable to |χ(0)S,H2 |, the spin polarization effect plays a quan-
titatively minor role because both order parameters of the
helical-1 and helical-2 states are small. Thus, both the helical-
1 and helical-2 components of the spin-triplet order parame-
ter are induced by parity mixing with the s-wave component
through the Rashba spin-orbit coupling; therefore, the spin-
triplet pairing is nonunitary. Since the condensation energy is
mainly gained by spin-singlet pairing, the nonunitarity is not
suppressed at low temperatures, in contrast to that in purely
spin-triplet superconductors.
Although we have investigated a specific model in Eq. (1),
our finding would also be valid for other models of multi-
layers. For instance, we studied the number density depen-
dence of the superconducting phase in our model and found
that the induced nonunitary spin-triplet pairing is almost inde-
pendent of the number density. An exceptional case is that of
half-filling, namely, n = 1. In this case, the particle-hole sym-
metry prohibits the parity mixing of the helical-1 and s-wave
states. Thus, the superconducting state at zero magnetic field
is a purely s-wave BCS state, and Cooper pairs at finite mag-
netic fields consist of the spin-singlet s-wave and spin-triplet
helical-2 components.
As we have shown in Fig. 1, the FIPM also plays an impor-
tant role in enhancing the critical magnetic field. When we
neglect the FIPM, the critical magnetic field for Vt/Vs = 0.5
depicted by the thin solid line is close to that for Vt/Vs = 0.
This means that the enhancement of the critical magnetic field
is mainly caused through the FIPM.
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Fig. 3. (Color online) (a) T -H phase diagram in the trilayer system for
Vt/Vs = 0.5. The solid and dashed lines show the second-order and first-
order phase transition lines, respectively. The black dot shows the tricritical
point. (b) Magnetic field dependence of the d-vector in the trilayer system
at the low temperature T/Tc = 0.0953. The temperature and order param-
eters are normalized by the transition temperature at zero magnetic field
with Tc = 0.0262.
Now we turn to the trilayer systems. We see a unique
property that is absent in the bilayer system: the exis-
tence of an inner layer that even has the local inversion
symmetry. The order parameters show the layer depen-
dence in the BCS state as (ψ1, ψ2, ψ3) = (ψout, ψin, ψout)
and (d1,d2,d3) = (dout,0,−dout), while those in the PDW
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state are (ψ1, ψ2, ψ3) = (ψout, 0,−ψout) and (d1,d2,d3) =
(dout,din,dout). The T -H phase diagram is similar to that of
bilayer systems, except for the first-order phase transition line
with a tricritical point in the BCS state [Fig. 3(a)]. In this first-
order phase transition, the order parameter in the inner layer
is discontinuously suppressed by the paramagnetic depairing
effect, as we elucidated for Vt/Vs = 0.13) Thus, the phase di-
agram is not affected by the parity mixing of Cooper pairs
except for the enhancement of the critical magnetic field.
Moreover, we see an intriguing property in the induced
spin-triplet pairing. The d-vector is again described by
Eq. (2), and Fig. 3(b) shows the magnetic field dependence
of the coefficients am and bm. The d-vector in the outer lay-
ers shows a similar field dependence to that in bilayers, i.e.,
nonunitary spin-triplet pairing. On the other hand, the induced
spin-triplet pairing in the inner layer is almost unitary, as indi-
cated by |a2| ≪ |b2|. Because the Rashba spin-orbit coupling
vanishes at the inner layer that conserved even the local inver-
sion symmetry, the helical-2 state is negligibly suppressed by
the spin-orbit coupling, and therefore is the main component
in the spin-triplet channel.
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Fig. 4. (Color online) LDOS in the trilayer system at T/Tc = 0.0953. The
thin (blue) and thick (red) lines show the LDOS at the inner layer ρin(ω)
and that at the outer layer ρout(ω), respectively. (a) µBH/Tc = 0 (BCS
phase) and (b) µBH/Tc = 3 (PDW phase). Quasiparticles with up spin and
those with down spin give rise to the peaks of LDOS, as shown in Fig. 4(b).
The other parameters are the same as those in Fig. 3.
We here propose an experimental test on the parity-mixed
superconducting phase in the LNCS. We focus on the trilayer
system, since a recent experiment obtained evidence of a stag-
gered Rashba spin-orbit coupling in the trilayer superlattice of
CeCoIn5.26) Figure 4 shows the local density of states (LDOS)
obtained by solving the BdG equation. In the BCS phase, the
LDOS shows a three-gap structure; one peak of LDOS mainly
comes from the inner layer and the other two peaks come from
the outer layers [Fig. 4(a)]. To understand this three-gap struc-
ture, we show the order parameter in the band basis, which has
been obtained from Ref. 10:
∆1 = ψ +
α|g(k)|2√
α2|g(k)|2 + 2t2⊥
d, (4)
∆2 = ψ, (5)
∆3 = ψ −
α|g(k)|2√
α2|g(k)|2 + 2t2⊥
d, (6)
where we assume ψout = ψin = ψ and dout(k) = dg(k). If
we neglect parity mixing, namely, d = 0, these order param-
eters are equivalent; therefore, the LDOS shows a single-gap
structure, as we have shown in Ref. 13. Thus, the three-gap
structure in the LDOS is a signature of the parity-mixed su-
perconducting state. This gap structure is distinguished from
the two-gap structure arising from the imbalance of the inner
and outer layers, namely, ψout , ψin.
A characteristic property of the PDW state appears in the
pronounced multigap structure, as shown in Fig. 4(b). As ex-
pected, the gap is reduced in the inner layer. A signature of
the nonunitary spin-triplet pairing in the PDW phase is ob-
served in the subgap structure of the inner layer. Although we
obtain a single small gap without taking parity mixing into ac-
count,13) the LDOS in the inner layer shows two small gaps,
as shown in Fig. 4(b). One is the gap of quasiparticles having
up spins, and the other is the gap of down spins. This subgap
structure arises from the nonunitary spin-triplet pairing and is
not due to the Zeeman shift. Indeed, the Zeeman shift of Bo-
goliubov quasiparticles does not occur in the PDW phase.10)
Finally, we comment on several points. First, we focused
on the dominant spin-singlet superconductivity, because most
of the superconductors belong to this class. When we assume
a large pairing interaction in the spin-triplet channel, Vt, the
dominant spin-triplet pairing state is stabilized independent
of the magnetic field. This is a topologically nontrivial state,
as shown in Refs. 27 and 28. The dominant spin-singlet pair-
ing state studied here also has a topologically nontrivial prop-
erty, as shown in Ref. 29 for bilayers. Basically, the odd par-
ity PDW state can be a topological superconducting state. We
will show the topological properties of the PDW state in more
than three layers in another report.
Next, we comment on another exotic superconducting
phase induced by the frustration of spin-singlet pairing and
spin-triplet pairing. In the multilayer superconductors, the
Josephson coupling energy is gained through the spin-singlet
pairing in the BCS phase, while the spin-triplet pairing favors
the PDW phase. When T sc ∼ T tc, frustration occurs and gives
rise to a fractional phase difference in both the spin-singlet
and spin-triplet order parameters between layers. Then, the
superconducting state is accompanied by a spontaneous time-
reversal symmetry breaking. This situation is similar to that in
non-centrosymmetric superconductors having a twin bound-
ary.30, 31) We find that such a superconducting phase is sta-
bilized when we assume Vt/Vs ∼ 1. This superconducting
phase may be realized in the locally non-centrosymmetric su-
perconductor SrPtAs, in which a recent experiment showed
a spontaneous time-reversal symmetry breaking in the super-
conducting state.32)
In summary, we have investigated the parity-mixed super-
conductivity arising from the local violation of inversion sym-
metry in multilayer systems. At zero magnetic field, a stag-
gered spin-triplet superconductivity is induced by a uniform
spin-singlet superconductivity. The signature of this super-
conducting state appears in the characteristic multigap struc-
ture which can, in principle, be tested by experiments. More
interestingly, the uniform spin-triplet superconductivity is in-
duced in the PDW phase, which is stabilized in magnetic
fields along the [001]-axis. In other words, the odd-parity su-
perconductivity is stabilized by the synergistic roles of local
inversion symmetry breaking and magnetic fields. We have
shown that the spin-triplet superconductivity induced by this
manner is nonunitary owing to the FIPM. Importantly, we do
not need a strong attractive interaction in the spin-triplet chan-
nel for this mechanism of spin-triplet superconductivity. This
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result helps to design spin-triplet superconductors, which are
attracting increasing attention33) but rarely realized in real ma-
terials. Since the PDW state is suppressed by the orbital de-
pairing effect, we should study Pauli-limited superconductors
with a large Maki parameter. Concerning this point, the ar-
tificial superlattice of CeCoIn515, 26) is one of the preferable
systems. It is highly desirable to clarify this superconducting
phase and design another exotic superconducting phase in the
LNCS.
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